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Abstract
Let T be the Cantor tree and let A be a subset of the ωth level of T (= Cantor set C). Buzyakova considered the quotient
space TAT ′ obtained from T × 2 by identifying two points 〈a,0〉 and 〈a,1〉 for each a ∈ A to construct an example of a non-
submetrizable space of countable extent with a Gδ-diagonal. We prove that the space T AT ′ is submetrizable if and only if C \ A
is an Fσ -set in C with the Euclidean topology. This improves Buzyakova’s Lemma.
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1. Introduction
In this paper, a space means a topological space and ω denotes the first infinite ordinal. Let C =ω 2, D =⋃{n2: n ∈ ω} and T = C ∪ D. The tree T ordered by ⊆ is called the Cantor tree. Endow T with the tree topol-
ogy and let T ′ be a disjoint copy of T . If y ∈ T and Y ⊆ T , by y′ and Y ′ we denote the corresponding copies of
y and Y , respectively, in T ′. If A ⊆ C, by TAT ′ we denote the quotient space obtained from the topological sum
T ⊕ T ′ by identifying x and x′ for each x ∈ A. In [1], Buzyakova proved that there exists a Bernstein set A in C with
the Euclidean topology such that TAT ′ is not submetrizable. The purpose of this paper is to generalize Buzyakova’s
result by proving the following theorem:
Theorem 1. Let A ⊆ C. Then the following conditions are equivalent:
(a) TAT ′ is submetrizable;
(b) TAT ′ has a regular Gδ-diagonal;
(c) The set C \A is an Fσ -set in C with the Euclidean topology.
Corollary 2. If A is a Bernstein set in C with the Euclidean topology, then TAT ′ is not submetrizable.
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L. Mou / Topology and its Applications 154 (2007) 364–366 365A space (X,T ) is submetrizable if there exists a topology T ′ on X such that T ′ ⊆ T and (X,T ′) is metrizable.
For a space X, let (X) = {〈x, x〉: x ∈ X}. For Y ⊆ X, by clXY we denote the closure of Y in X. A space X is said
to have a regular Gδ-diagonal if there exists a sequence {Ui}i∈ω of open subsets of X2 such that (X) =⋂i∈ω Ui =⋂
i∈ω clX2Ui . In [2], Zenor proved that X has a regular Gδ-diagonal if and only if there exists a sequence {Gi}i∈ω
of open covers of X such that for any two distinct points x and y in X, there exist open neighborhoods Ox and Oy
of x and y, respectively, and j ∈ ω such that no member of Gj intersects both Ox and Oy . We call such a sequence
a regular Gδ-diagonal sequence for X. Clearly, every submetrizable space has a regular Gδ-diagonal.
2. Proof of Theorem 1
For later use in the proof of Theorem 1, we give another description of the Cantor tree by using some notations
from [1]. Let C denote the Cantor set in the unit interval [0,1]; the midpoints of the components of [0,1] \ C are
1/2,1/6,5/6,1/18,5/18, etc. Let D be the set of points of R2 in the form 〈1/2,−1〉, 〈1/6,−1/2〉, 〈5/6,−1/2〉,
〈1/18,−1/4〉, 〈5/18,−1/4〉, etc. The set D is naturally viewed as a binary tree branching upward. For each i ∈ ω,
let Li denote the ith level of the tree D. For each c ∈ C, there exists a unique maximal branch Γc in the tree D
whose upper limit is c. For each i ∈ ω and c ∈ C, put Bi(c) = {c} ∪ (Γc \⋃j<i Lj ). The topology of the Cantor tree
T = C ∪D is defined as follows: points of D are isolated; for each c ∈ C, {Bi(c)}i∈ω is a local base of c in T .
The natural projection of the Cantor tree T to R2 is obtained by identifying points of C with the corresponding
points in [0,1] × {0}. The distance ρ between points in T is calculated in the projection with respect to the Euclidean
topology of R2. For any distinct two points x, y ∈ C, let h(x, y) = max{i ∈ ω: Γx ∩Li = Γy ∩Li}. It is easily checked
that 1/3h(x,y)+1  ρ(x, y) 1/3h(x,y). To prove Theorem 1, we need the following Lemmas 3 and 4.
Lemma 3. Fix i ∈ ω. Let x ∈ C, E ⊆ C and U =⋃{Bi(y): y ∈ E}. If x ∈ clR2E, then x ∈ clT U .
Proof. Suppose that x /∈ clT U . Then, there exists j ∈ ω such that Bj (x) ∩ U = ∅, which implies that Bj (x) ∩
Bi(y) = ∅ for each y ∈ E. Let k = max{i, j}. Then, Bk(x) ∩ Bk(y) = ∅ for each y ∈ E. Hence, for each y ∈ E,
we have h(x, y) k − 1, where h(x, y) is defined as above. This implies that ρ(x, y) 1/3h(x,y)+1  1/3k for each
y ∈ E. Thus, ρ(x,E) = inf{ρ(x, y): y ∈ E} 1/3k . On the other hand, since x ∈ clR2E, we have ρ(x,E) = 0. This
is a contradiction. The proof is complete. 
Lemma 4. Let Y be a closed subset of C with the Euclidean topology. Then, ⋃{B0(y): y ∈ Y } is an open and closed
subset of T .
Proof. Put U =⋃{B0(y): y ∈ Y }. Obviously, U is an open subset of T . Suppose that U is not closed in T . Then, there
exists x ∈ C \Y such that x ∈ clT U . For each i ∈ ω, let xi denote the unique point in Γx ∩Li . Since each neighborhood
of x in T intersects U , it is easy to see that {xi : i ∈ ω} ⊆ U . For each i ∈ ω, take y(i) ∈ Y such that xi ∈ B0(y(i)).
Then, for each i ∈ ω, h(x, y(i)) i, where h(x, y(i)) is defined as above. Hence, for each i ∈ ω, ρ(x, y(i)) 1/3i ,
which implies that ρ(x,Y ) = 0. On the other hand, since Y is a closed subset of C with the Euclidean topology and
x /∈ Y , we have ρ(x,Y ) > 0. This is a contradiction. Hence, U is a closed subset of T . 
Proof of Theorem 1. The implication of (a) ⇒ (b) is obvious. Let π be the quotient map from T ⊕ T ′ onto TAT ′.
(b) ⇒ (c). Assume that TAT ′ has a regular Gδ-diagonal and let {Ui}i∈ω be a regular Gδ-diagonal sequence for
TAT ′. For each i ∈ ω and x ∈ C, there exists ξ(i, x) ∈ ω such that
• if x ∈ A, then π(Bξ(i,x)(x)∪ (Bξ(i,x)(x))′) ⊆ U for some U ∈ Ui ; and
• if x ∈ C \A, then π(Bξ(i,x)(x)) ⊆ U for some U ∈ Ui and π((Bξ(i,x)(x))′) ⊆ V for some V ∈ Ui .
For each i ∈ ω, let
Gi =
{{
π(x)
}
: x ∈ D ∪D′}∪ {π(Bξ(i,x)(x)∪
(
Bξ(i,x)(x)
)′)
: x ∈ A}
∪ {π(Bξ(i,x)(x)
)
: x ∈ C \A}∪ {π((Bξ(i,x)(x)
)′)
: x ∈ C \A}.
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Claim. For each x ∈ C \A, there exist η(x) ∈ ω and φ(x) ∈ ω such that Bη(x)(x)∩ Vφ(x) = ∅.
Proof. If x ∈ C \ A, then π(x) and π(x′) are distinct points in TAT ′. Since {Gi}i∈ω is a regular Gδ-diagonal se-
quence for TAT ′, there exist η(x) ∈ ω and φ(x) ∈ ω such that no element of Gφ(x) intersects both π(Bη(x)(x))
and π((Bη(x)(x))′). We show that for each a ∈ A, Bη(x)(x) ∩ Bξ(φ(x),a)(a) = ∅. Suppose on the contrary that
there exists c ∈ A such that Bη(x)(x) ∩ Bξ(φ(x),c)(c) = ∅. Take d ∈ Bη(x)(x) ∩ Bξ(φ(x),c)(c), then d ∈ D. Hence,
d ′ ∈ D′ ∩ (Bη(x)(x))′ ∩ (Bξ(φ(x),c)(c))′. Thus, the member π(Bξ(φ(x),c)(c) ∪ (Bξ(φ(x),c)(c))′) of Gφ(x) intersects both
π(Bη(x)(x)) and π((Bη(x)(x))′), which is a contradiction. The proof of the claim is complete. 
For each i, j ∈ ω, let Xi,j = {x ∈ C \ A: η(x) = i, φ(x) = j}, where η(x) and φ(x) are as the same as in the
claim. Then C \ A =⋃i,j Xi,j . We show that for each i, j ∈ ω, A ∩ clR2Xi,j = ∅. Suppose on the contrary that there
exist m,n ∈ ω such that A ∩ clR2Xm,n = ∅. Take a point y ∈ A ∩ clR2Xm,n. Put O =
⋃{Bη(x)(x): x ∈ Xm,n} =⋃{Bm(x): x ∈ Xm,n}. Then, O ∩ Vn = ∅. On the other hand, since y ∈ clR2Xm,n, by Lemma 3, we have O ∩ Vn ⊇
O∩Bξ(n,y)(y) = ∅. This is a contradiction. Hence, for each i, j ∈ ω, A∩clR2Xi,j = ∅. Thus, C \A =
⋃
i,j clR2Xi,j =⋃
i,j clCXi,j , where C has the Euclidean topology. The proof of (b) ⇒ (c) is complete.
(c) ⇒ (a). Assume that C \ A =⋃i∈ω Ei , where each Ei is a closed subset in C with the Euclidean topology. By
Lemma 4, for each i ∈ ω, the set Wi =⋃{B0(c): c ∈ Ei} is a clopen subset of T . Since Ei does not meet A, π(Wi) is
clopen in TAT ′. For each i ∈ ω, let fi be the map that takes π(Wi) to {0} and T AT ′ \ π(Wi) to {1}. Clearly, each fi
is a continuous map from TAT ′ to R. Let f map TAT ′ to R2 as follows:
(1) If x ∈ C, then f (π(x)) = f (π(x′)) = x;
(2) If d ∈ D, then f (π(d)) is the corresponding point below x-axis (as described in the definition of T ); and
(3) If d ′ ∈ D′, then f (π(d ′)) is the reflection of f (π(d)) in the x-axis.
In short, f identifies the two trees along the Cantor set and projects into R2 so that the first copy branches up and the
second down to the same Cantor set. It is easily checked that f is a continuous map.
Let F be the diagonal product of maps f and all fi ’s. Then F is a continuous map from TAT ′ to Rω. Let us show
that F is an injection. Take any distinct points x and y in TAT ′. If f (x) = f (y), we are done. Otherwise, we have
{x, y} = {π(c),π(c′)} for some c ∈ Ei . Then fi separates x and y. The proof of (c) ⇒ (a) is complete. 
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